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INTRODUCTION

Chebyshev was the first mathematician to publish fundamental results in
rational approximation. Chebyshev's results appeared much prior to the
publication of the Weierstrass approximation theorem. Even though rational
approximation is as old as polynomial approximation, not much is known
about it. Developing methods to obtain error estimates for approximation by
rational functions of a given degree is much more difficult than the corre­
sponding polynomial case. Very recently some new powerful methods have
been developed. For finite intervals, the credit should go to Goncar [13h, i]
and Newman [17a, d, e]. For infinite intervals, most of the credit should go
to Erdos and Newman. A forthcoming paper of Newman and Reddy [171]
will discuss these methods and their scope.

We divide this article into three sections. Section I deals mainly with finite
intervals. In this connection we also refer the interested reader to the excellent
article of Goncar [13j]. Section 2 is concerned with results on infinite intervals.
In Section 3 we propose a series of open problems. Some of these are very
difficult and present available methods are hopeless to attack them successfully.

DEFINITION. Let f(x) be a real function, continuous on [0, 00) and with
no zero there. Then set

A,n.n = A.m,n(l!/) = inf III j~' ~~ '""n ill'
rm •n E7Tm ..n I,Loc[O,X:.) .,

Rn(f, [a,b]) = inf Ilf- rn,nl:L",[n.o] ,
'"n.n E1Tn •n

Ek = inf II x" - P(x)IL [0 IJ , (l)
PE7Tl'.' 00 •

Ok = inf II xn _ P(x) II ,
P, OE7Tk* ! Q(x) !L,,:,[O. 1]

En( f, [a, b]) = pinf 11 f - P IILoo["'o] ,
E7Tn
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where 7T,,,,n denotes the class of all rational functions of the form r"",,(x)
Pnlx)/Qn(x); Pm and Qn represent real polynomials of degrees at most m
and n, respectively. 7T" denotes the class of real polynomials of degree at
most n. 7Tk * denotes the class of all real polynomials of degree at most k
having only nonnegative coefficients (I k < n).

Let r > 0, .I' > I. Then g(r, .1') denotes the unique open ellipse in the
complex plane with foci at x = 0 and x == r whose semimajor and semi-
minor axes a and b satisfy b/a (.1'2 - 1)/(.1'2 + I).

If F(z) is an entire function, we denote

Mp(r, .1')'= sup{i F(z)i: Z E g(r, .1'):, M(r) = max I F(z).
Iz I~r

As usual, the order p of an entire function F(z) is

I
' log log M(r)
1m sup .

r-'co log r

If 0 < P < 00, then the type T and the lower type w (0 ~ w ~ T ~ 00) of
F(z) are given by

lim ~up log M(r) = T

r-'X mf r" w

C1 , C2 , C3 , ... , ClO , ... , C20 are positive constants which may be different on
different occasions.

1

According to a well-known result of Bernstein [4a] there is a polynomial
P*(x) of degree at most n such that

(2)

Further, he has established that for every polynomial P(x) of degree at most n,

(3)

In 1964, Newman [17a] established the following remarkable result.
For every n ~ 4 there is a rational function r(x) of degree at most 11 for
which

(4)

On the other hand, he has shown that for every rational function r(x) of
degree at most n ~ 4,

'I ( )1
1

1 _9n l/2
i x I - r x ,Loof--l,I] ? 2e (5)
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Soon after the publication of these results several Hungarian and Soviet
mathematicians published work extending and improving the latter. In these
investigations Newman's method played a very significant role.

Goncar [13h] has derived Newman's result in a much sharper form from
an earlier result of Zolotarev. It is interesting to note that Zolotarev's result
was published in 1877, 8 years prior to the publication of the Weierstrass
approximation theorem. Goncar's theorem reads as follows:

(6)

Later on, by a more refined technique, Bulanov [7a], working under the
supervision of Dolzenko, established:

More precisely, for n = 0, I, 2, 3, ... and any M > 0,

and

where ..::1(n) = O(n-M /(4M+ll).

Recently Vjaceslavov [28] sharpened (7) as follows:

(7)

(8)

where A is an absolute constant.
In [17d] it has been shown that X 1 / 2 can be approximated on [0, I] by

rational functions of degree n having real nonnegative coefficients with an
error ~3e-2nl/'. Now it is natural to ask how close can (1 - X)1/2 be
approximated on [0, I] by rational functions of degree n having real non­
negative coefficients. In this connectoin Reddy [17r] proved the following:
For all n ~ 2,

Let p(x) and q(x) be polynomials of degrees at most n having only real,
nonnegative coefficients; then

II
(I )1/2 p(x) II '--. I- x - -() e:/ 4 1/2'q x L",[o.11 n

It is interesting to know how close I x I can be approximated on [-I, I]
by reciprocals of polynomials of degree ~11. In this connection Lungu [15]
has obtained the following:
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For every polynomial P(x) of degree at most n,

Newman and Reddy [17h] have proved that there is a polynomial P*(x)
of degree at most n for which

It will be of interest to obtain similar results on approximatoin to I x !
on [-1, I] by rational functions of the form P"./Qn. It is also worth investi­
gating whether one can deduce the theorems of Bernstein, Newman, Lungu,
and Newman and Reddy from a single result. If this can be done, it will be
a spectacular achievement.

The following generalization of Newman's result is due to Szusz and
Turan [26c]: If j is piecewise analytic on [a, b], then Rn.n(f) < e-clnll/2,
C ~, Cf > 0, n ;?o 1. Goncar [13h] proved the following converse result: Ifjis
piecewise infinitely differentiable (or, in particular, piecewise analytic) on LI
and if Rn(f) < e-An("jl/2 for some sequence n c ni t 00 as it 00, where
An --->- 00 as n ->- 00, thenjis infinitely differentiable (or analytic) on LI.

The following results are also due to Szusz and Turan [26a,b]:

(i) For any function which is convex and belongs to Lip 1 on [--I, 1],
and for n = 1,2,... , one can find a suitable rational function of the form
PnlQn for which

III P,,:
Q~ILoo[-1.I1

where A is a positive constant.

(ii) If jet) is a k-times differentiable function for which flkl(t)
(-1 < t < 1) is convex and satisfies a Lipschitz condition, then there
exists a rational function ret) of degree <n for which on (-I, I)

Freud [12a[c,d] has improved some of the above results.
The following result is due to Bulanov [7b].
The smallest deviation RN(f) of a continuous convex function I(x)

(x E [a, b], - 00 < a < b < (0) from rational functions of degree at most N
satisfies the inequality

N 2,3,4,... ,
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where C is an absolute constant and M is the maximum modulus of f(x) on
[a, b].

Recently Abdugapparov [1 b] has established the following:
If flP)(X) (p ~ 1) is continuous and convex on [0, 1], then we have there

n = 2, 3, 4, ... ,

where Cp depends only on p and M p = MaxO<"'<1 If(P)(x)l.
A similar result was obtained earlier by Freud [I2a], under an additional

condition concerning the modulus of continuity of flP)(X).
Freud and Szabados have obtained several interesting results. We mention

here one of them from [12g].
Letf(x) be a real continuous function on [0, 1] and let

I f(x) I ""; M (0 ~ x ~ 1).

Further, let

o = t(O) < t(1) < ... < t(1(n» = 1
Sn Sn Sn ,

8
n

= min (;(k) _ ;(k-1»)
l~k~s(n)

(n = 2, 4, 6, ...).

If there are polynomials p~)(x) of degree ~n for which

; = max max I f(x) - plk)(x)1 # 0
It 1~kS;s(n) <~k-l)<"'«~k) n

(n = 2, 4, 6, ...)

tends to 0 as n -- 00, then for all N ~ some No there exists a rational
function RN(x) of degree ~N for which

where n is the greatest even number satisfying the inequality

s(n)(3n + m - 1) ~ N, with = [1 2 57M2n2s(n) ] + 1m og "3 •
°nEn

The following result is due to Popov [1Sa]. Let/be a real function whose
rth derivative is of bounded variation in [0, 1]. Then for every positive
integer k,

ktirnes
~

R (f, [0 1]) :<: C Vol(f<r l
) log log'" log n

n " ~ k,r nr +1 '

where Ck •r is a constant depending only on k and r, and Vl(prl) denotes the
total variation of pr) on [0, 1]. This result improves an earlier one by
Freud [12a]. Quite recently, Popov has succeeded in replacing (log
log .. · log n) by a constant.

640 /22/1-5
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The following result is due to Freud [12a]. IfjE Lip C<. for some (X °and
j is of bounded variation, then RJf) =c. O(n-1 10g2 n).

It is interesting to know how the rate of decrease of the error R,,(f) is
related to the structural properties of the function f Tn this connection
Goncar has obtained several interesting results.

The following are from Goncar [l3a]:

(i) If

RnC/; [a, b]) < cn-1-8, 0> 0,

thenjis differentiable almost everywhere on [a, b].

(ii) If

RnC/; [a, b]) < en-i.-8, 0> 0, (9)

where k > °is an integer, then j possesses an asymptotic kth derivative
almost everywhere on [a, b].

In [9b] Dolzenko observed that (9) guarantees the existence, almost
everywhere on [a, b], of not only an asymptotic kth derivative, but also a
kth derivative in the sense of Peano (local differential of the kth order)
of the function f

The following interesting result is also due to Dolzenko [9a]:

(i) If

L Rn(f, [a, b]) < 00,
1/=1

then j is absolutely continuous on the interval [a, b].

(ii) For any sequence of constants an > °with Lan = 00, there
exists a real functionjwith R,,(f, [a, b]) < an which is absolutely continuous
on [a, b] but does not possess almost everywhere there an asymptotic
derivative.

It is obvious that Rn(f, [a, b]) ~ En(f, [a, b]). It is also known that there
exist functions j for which Rn(f, [a, b]) decreases to zero very fast while
En(f, [a, b]) tends to zero much slower. One obvious example is/ex) = I x i,
a = -1, b = 1. Now it is natural to ask whether there exist functionsjfor
which

Rn(f, [a, b]) = En(f, [a, b]).

In this connection Dolzenko [9f] has established the following: There exists
a function j such that

Rnk(f, [a, b]) = En/I, [a, b])

for an infinite number of indices n" .
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Finally, we mention one of the significant results of Goncar [13i]. Let f
be continuous on [0, I] and let we!)) be the modulus of continuity off there.
Let us assume that in the circle D = {x: [ x - I I < I} there exists a bounded
analytic function which coincides with f on [0, I). Then

Pn =~ inf [fe-enlt + w(e-t)].
l<t<w

By using (4) and (5), Freud [12b] has shown that for each n ~ 4 there is a
rational function r*(x) of degree at most n for which

while for every rational function rex) of degree at most n,

I
I~ - rex) II' ~ e-C,lnjl/2.
I I + X Loo(-ce.",)

(10)

(II)

Quite recently Erdos and Reddy [lOc] have shown that every positive
continuous function! on [0, (0), with limx~",f(x) = 0, can be approximated
uniformly by reciprocals of Muntz polynomials on [0, (0). Hence, it is natural
to ask how close I x 1/(1 + x 2) can be approximated on (- 00, (0) by
reciprocals of polynomials. In this connection Newman and Reddy [17h]
have proved the following: There is a polynomial P*(x) of degree at most n
for which

II [x I I II / C1
I ---2 -- -*- I, --.'::;: 172 '
I I + x P (x) IILoo(-oo,oo) 11

and for every polynomial P(x) of degree at most n - 2;

(12)

(13)
II

I x I I II -'> C1
I + x 2 -- P(x) l Loo(-oo.oo) ;/ 111/2 •

By comparing (10) and (13) one sees that rational functions of degree n
give much less error than the reciprocals of polynomials of degree ~n in
approximating I x 1/(1 + x 2) on (- 00, (0). We wiII see shortly that this is
not the case in general.

Chebyshev showed in 1858 that x n+! can be uniformly approximated on
[-I, 1] by polynomials of degree at most n with an error of exactly 2-". In
fact Chebyshev polynomials originated with this beautiful result. Later on
Chebyshev's student Zolotarev [16a, p. 41] extended the above result of
Chebyshev as follows. The best uniform approximation of Xn+l - ax"
(0 ~ a ~ (n + 1) tan2[7T/(2n + 2)]) on [-1, 1] by polynomials of degree
at most (n - I) gives an error of 2-"(1 + (a/(n + l)))tl+l. For a = °we get
above result of Chebyshev. Erdos and Szego [10k, p. 467] proved Zolotarev's
result by a different method.

Recently we have shown [17m] that x"+! can be approximated on [0, I]



66 A. R. REDD)

by reciprocals of polynomials of degree 11 with an error (R)" but not better
than (12)-".

Recently I have conjectured that x" +1 can be approximated by rational
functions of degree at most n with an error ",-.;A-". Newman [17e] has proved
by a very simple and ingenious method the following. Let 5 and n be positive
integers. Then: (i) There is a real polynomial P(x) of degree C~n and a real
polynomial, q(x), of degree 25 such that, throughout [~I, I],

I X"+l -- ;g; I (
5 -- /I

2--"
.. 5 (14)

(ii) If P(x) is a real polynomial of degree ~n and q(x) a real polynomial
of degree ~25, then somewhere in [- I, I],

I x"tl - ~g; I 2- 3- n (5 -~ ~ -;- 2f1. (15)

By adopting a different approach the above estimates (14) and (15) of
Newman have been strengthened by Reddy.

Recently I have noted that the above results of Newman have been
obtained for certain special cases by Achieser [2, p. 279]. In fact, by adopting
a technique of Chebyshev, Achieser proved the following:

Let ao oF 0, a1 , a2 , ••• , an be given real numbers. Then for every N > n,

a x N -"... -l- _'_'__
i 2"
q XN-1 - q X N - 2 ...:.- '" + q I ! AIo 1 I n-l I

- P xn ..!.- ••• -L- P = -2N- 1 '
0" i I n

where ,\ is a zero of minimal absolute value of the polynomial

Cn - ,\ Cn - 1 C1 Co

Cn - 1 Cn - 2 - A Co 0
Cn- 2 0

C1 Co -A 0
Co ° O-A

'th - ",lmj2] (N-m+2i) - ° 1 2Wi em - L.d=O am - 2i i , m - , , ,... , n.
Reddy [l9j] has extended the above results of Chebyshev, Zolotarev,

and Newman as follows:
Let a be a real number, I a I oF 1. Then for every real polynomials P(x)

and Q(x) of degrees at most (n - 1) and 2m, respectively, we have

II
Xn+1 - axn _ P(x) II :> I 1 -- I a I I

Q(x) Loo[-l.l] yo- (2m + 2) e4m+n+2 '

II xn+l + x
n

- ~~~ t
oo

[O.1] ~ (2m + 2)~2e)2m+n+l .
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Given a real constant a and positive integers m, n, there exist real
polynomials P(x) of degree ~n and Q(x) of degree 2m such that

II
xn+2 - axn+1 _ P(x) Ii ~ (1 + I a I) 2-n

Q(x) ILoo[-1.1] (m + n- 2) .
m

Let 0 < a < b, n ;?: 1. Then x 2n can be approximated uniformly in the
intervals [-b, -a], [a, b] by polynomials of degree at most 2n - 2 with an
error 2-(2n-1)(b2 - a2)n. Also, for every polynomail P2n(x) we have for these
intervals

Similarly there is a polynomial P*(x) of degree at most 2n for which, on
these intervals,

Further, there is a rational function of the form P2n- 2(X)/Q4S(X) for which,
on the intervals, (s = I, n ;?: 4)

where

f(a, b, n) = (2(n + 1)(b2 + a2)2 - (b2 - a2) - 8(b2 + a2)b2+ d~~r1.

While for every rational function of that form, we have there

II 2n _ P2n-2(X) 11- (b2 - a2)n 2-2n
+1 (2s + 211 -- 1)-1 [ (b2 + a2)]-1

: x Q4S(X) .?: (2sn-1 + I) 2s. T2S b2 - a2 .

Let P2n-2(X) and Q2n-2(X) = L:~:~2 h"x", h" 0 (k ;?: 0), be any even
polynomials of degrees at most 2n - 2. Then, on [-I, I],

'1'1 x 2n _ P2n-l!} Ii ;?: 2-- 2n+l.
I Q2n-2(X) I

Remark. According to Chebyshev's result x2n can be approximated
uniformly by polynomials of degree 211 - 2 on [-I, I] with an error 2-2n+1•

Hence the best approximating rational function of the form P2n- 2(X)/Q2n-2(X)
with Q(x) having only nonnegative coefficients is identical to the best
approximating polynomial of degree 211 - 2.

Let p(x) and q(x) be real polynomials of degrees at most m ;?: I. Then if
m < 2n, we have on [-1,1],

1.1 x 2n - p(x.) 1.1 ;?: 2-1 . e-211 (2mn),I2.
, q(X)i



68 A. R. REDDY

It will be interesting to know how close xl! ,1 can be approximated by
polynomials of degree n having only nonnegative real coefficients. In this
connection Newman and Reddy [17k] have proved the following:

If Pk(x)c dxk, 1,: k < n, d 0, and satisfies the assumption

11(1 - d) (11- k)(klll)//IIII,) d"I"·il.

then P,,(x) is the best uniformly approximating polynomial of degree k to x"
on [0, 1]. In fact we have

Reddy has shown for 0 x L 0 xlI(L;;~o(l - X)k)-1 - x n H ,;

3-1mmnn(m + 11)-"'-". (m > 2).
We consider now the approximation of e". It is well known that from the

results of Bernstein we get the following:
There is a polynomial P*(x) of degree at most n for which, on [-I, 1],

I! eJ
, _. P*(x)[ < 2"(n ~ I)!

But for every polynomial P(x) of degree(n we have, somewhere in [-I. I].

Ie'" -- P(x) [ > e2n(n 1+ I)! .

Recently Newman [l7c] proved the following:
There is a rational function of the form P",(x)/Qn(x) for which

II
x Pm(x) II <' 6' 2-"'-"1II! n!

e - Qn(x) LaJ-.l.ll ,."" (m + n)! (m + 11 -+-- I)! .

Newman and Reddy [17j] have obtained:
Let P(x) and Q(x) be real polynomials of degrees at most m and n,

respectively. Then

Now we mention an interesting result of Somorjai [24]: Let f(x) be a real
continuous function defined on [0, 1]. Let AI' A2 , A3 , ... , be an infinite
sequence of real numbers with An ->- 00. Then for n = 1,2,... , there are real
sequences {akn)}~~1 and {bt,;")}~~1 for which

, ",,, (n) ~k

lim II f(x) -- L-1 ak x II ->- o.
n~cc I ",n bin, lX" i [ ]

'::""1 k L oo 0.1

Recently Bak [3a], and Bak and Newman [3a'] have improved the last
result significantly.
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Now we consider approximation on the positive real axis. The following
result is due to Meinardus et ai. [16b]:

Let f(x) be a positive continuous function on [0, + (0), and assume that
there exists a sequence of polynomials {Pn(x)}~~o and a number q > 1
such that

Then there exists an entire function F(z) of finite order with F(x) = f(x)
for all x ;? 0. In addition, for every s > 1, there exist constants K =
K(s, q) > 0, 8 = 8(s, q) > 1, and ro = roCs, q) > °such that

for all r;? ro .

If, for each s > 1,

8- . liog MF(r, s) I
(s) = lim sup I Ilfll .

r~XJ og. Loe[o.r]

whenfis unbounded and iJ(s) == 1 otherwise, then the order of F is

s:: inf L log iJ(s) I
~ s>1 ! log[! + i(s + Ijs)] \'

and this upper bound is in general best possible.
The following result is due to Reddy and Shisha [19t].
Let f(x) be a positive continuous function defined on [0, + (0). If there

exists a sequence of polynomials {qn(x)}~=o whose coefficients are ;?O,
with all qn(O) > °such that

1

1_1 1_ 11 ---->-0,
,f(x) qn(x) :Lo'[O.oc)

then f(x) is the restriction to [0, (0) of an entire function L:;~o akzk with all
ak ;? 0.

Let f(x) be any nonvanishing real continuous function defined on [0, (0).
If there exists a sequence of real polynomials qn(x) of the form L::~o a~n)x"k,

where °= fLo < fLl < fL2 < "', and L:;~l I! fLk < 00, with

II 1 I 'Ii--·--- ---->-0
I f(x) qn(x) IILoo[O'XJ) ,

then f(x) is the restriction to [0, (0) of an entire function. This result is due
to Erdos and Reddy [lOi].
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SchOnhage [22] has shown that e-X can be approximated on [0, (0) by
reciprocals of polynomials of degree n roughly like 3-"; this improves an
earlier result of Cody et al. [8]. Newman and Reddy have shown that these
polynomials must be zero free on [0, --En] for each £ > ° satisfying
(1 + 8(£)1/2) < log 3. In [l6c] Meinardus and Varga have proved: Let
fez) = I::~o akz", ak ;;?; °(k ;;?o I), ao> 0, be an entire function of order p
(0 < p < 00) satisfying the further assumption that

°< lim log M(r)/r p < 00.
r~oo

Then

(16)

In [19b] Reddy has succeeded in replacing lim sup by lim inf in (16). The
following is due to Meinardas et al. [16b]:

Let F(z) = I::~o akzk be an entire function with ao> °and ak ;;?o °for
all k ;;?o 1. If there exist A > 0, 5 > I, B > 0, and ro > °such that

for all r;;?o ro , (*)

then there exist a sequence {P,,(x)}~=o q ;;?o 5 1 /(1+8) > I such that

. 1'1 I I I' 1
1
/" Ihm sup -- - -- = - < In~oo II f(x) PnCx) ILoo[o,oo) q .

(17)

Remark. If fez) = I::~o akZ\ ao> 0, ak;;?o ° (k;;?o I), is an entire
function of finite positive-order, type and lower type, then obviously (*) is
valid; hence (17) holds.

By adopting a very simple approach Reddy [19g] has proved the following:
Letf(z) = I::~o akz", ao > 0, ak ;;?o °(k ;;?o I), be an entire function of order
p (0 < p < 00), type T and lower type w (0 < w ;(; T < 00). Then for all
large n

___ ( -wn )
~ ex .p epr + pw

On the other hand Reddy [19d] has proved that under the same conditions,
for every polynomial P(x) of degree at most n (sufficiently large),

[
I I I [I [ (2r )l /P ]-2
I f(x) - P(x) IL",[o.ee) ;;?; 4 --;;;- - I .

Newman [l7b] considered the approximation of e-X on [0, 00) by general
rational functions and proved the following:
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Let P(x) and Q(x) be real polynomials of degree at most (n - 1). Then
there is a point x in [0, (0) for which

I
e-X -- P(x) I >: (1280)-n

Q(x) y- .

If we restrict P(x) and Q(x) to have only nonnegative coefficients, then we
have (cf. [lOaD

II e-X ~ !,(x) II >: _I_
I Q(x) L",[O,oo) y- 4nen+1 .

The following results are due to Reddy [19k].
Let f(z) = L:~o akzk, ao> 0, ak ~ 0 (k ~ 1), be an entire function of

order p (1 ~ p < CX), type T and lower type W (0 < W ~ T < CX). Then
there is a positive constant c such that for every real polynomials P(x), Q(x)
whose respective degrees m, n are sufficiently large,

II

I P(x) i; ce-[(0.3lm+(0.7)n]7("-1

f(x) - Q(x) IILoo[o.<o) ~ 8n6m(7T)n/o w-njo

Also there is C1 > 0 such that, for every E > 0, p(O < p < 1) we have for
every P(x), Q(x) as above,

'i I P(x) II ce-AOT8-n6-m
II f(x) ~ Q(x) 1 Loo[O, 00) ~ «7T/Wp2) + (T/W»n/o '

where Ao = [0.3m + 0.7n][w[1 + E)]-1.
The following result is due to Erdos and Reddy [lOj].
Let f(z) = L:~o akzk, ao> 0, ak ~ 0 (k ~ I), be an entire function,

satisfying

1· log log M(r) If, + I< 1m sup = ./J < CX)
r~'" log log r

and

lim ~up log M(r) = TI
r~CX) lllf (log r).1+1 WI

Then for every rational function of the form P"(x)/Qn(x), we have

. . I!I I Pn(x) II In-
1

-

A

-

1

lIm mf I f( ) ~ Q ( ) ?; G,
n~oo . X n X L",[O.oo)

where

- I (2 )1/.1[ ( 2TI )1/(.1+1)]IG - exp - - Tl - I + -- .
WI WI
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By using a lemma of Goncar-Newman-Zolotarev [13j, p. 450-451],
Reddy [19h] proved the following:

Let f(z)~= L::~o akzl, , ao 0, Uk 0 (k 1), be an entire function. Let
constants k (0 < k < I), c ( I), and E (~>O) be such that, with e, I -- E -i-.

7T2(lOg c)-1f(log k-1), we have

M((l K)r) {M(( I -- K)r)}8, C"*)

for all large r. Then, for all large n, if P(x) and Q(x) are real polynomials
of degree at most n,

Remark. If fez) is of finite, positive order, type and lower type, then
clearly (**) holds.

Given an arbitrary entire function fez) ,~ L::~u akz', with au > a and
{/, )0 a (k )0 1), how close can Iff(x) be approximated by reciprocals of
polynomials of degree ~n on [0, oo)? Erdos and Reddy (JOd,f] have answered
this as follows: For each E > 0 there exist infinitely many n such that for a
proper Pn ,

The following result is also due to Erdos and Reddy [JOe]. Let fez) = 1 +
L::~1 zkfd1d2 ... dk , dk+1 > dk > 0, k = 1,2,3'00" be an entire function of
order p < 1 and regular growth. Then for any E :> 0, we have for all large n,

The following result is due to Meinardus et al. [16b]: Letf(z) cc= L:~~o {[fJ",

ao > 0, {/k )0 a (k )0 I), be an entire function satisfying

and

< lim sup log log M(r} = A ~- I
nx log log r

ex),

Then

/ _. ' log M(r) __ . log M(r) _ /o '-_ WI - lIm mf-(l- ) ~j l ~ lIm sup (I ) 1'-1 -- Tl '-~ '::D.
r'x og r "', r-·'X) og r .

lim (,\o.n)l/II === O.
JI-'X
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( -A ) :< I' (,\ ),,~(l+,Cl1 - I
exp (A -+ I)[(A + I) TIP/A, "'- II~-.~UP 0." <- .

The following result is due to Reddy [l9f]. Let fez) = L:~o akzk, ao> 0,
ak ?o 0 (k ?o 1), be an entire function of zero order satisfying

O A I, 'f log log M(r)
< < 1m In I I x.

n .J] og og r

Then there exists a sequence {P,,(x)}~."o for which

. III I I II 1
1

/
71

hm ,-- - -~- • r = 0,
n-.oo I f(x) P n(X)L""fo,oc) \

Erdos and Reddy [JOe] have established the following: Let fez) =
L:~o ak·zk', ao > 0, ak?o 0 (k?o 1), be an entire function for which°~ A < 00. Then for each ~ > 0,

lim inf ('\o.,,),,~[1+(Mel-l1 1.
n-"x

Turning to the particular case I(x) = eX, Freud et al. [12e] have obtained:
For every real polynomial P(x) of degree n,

II
e-Ixl - _I II :>~

P(x) LOO(-Xl.OO) ;/' n '

and there is a polynomial P*(x) of degree n for which

(18)

(19)

They have shown that there is a rational function r*(x) of degree n for which

and for every rational function rex) of degree n,

( )
1/>

II e-I"'I - ,r(x)l! (_ ) > e "13" -I,Loo x),x: ./

(20)

(21)

In [190] Reddy has established: Let 0 < (Xl < (X2 < (X3 < ... < IX" be even
integers, satisfying Olk - Olk-1 > k. Then for all n > 2,
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where
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In [I2e] one can find extensions of (18)-(21) to a whole class of entire
functions. Erdos et al. [lOb] by developing some new techniques have
established: There is a real polynomial P*(x) of degree n for which

I I IIIi xe- X - ----

,I P*(x) L",[O.",)

while for every real polynomial P(x) of degree n,

On the other hand, it is easy to see that xe- J
; can be approximated on [0, 00)

by rational functions r(x) of degree at most n with an error ~Dn (0 < D < I).
In the same paper Erdos et al. have obtained: There is a real polynomial P*(x)
of degree at most n which,

while for every E > 0, every Pr,(x) with n sufficiently large satisfies

Again, (1 + x) e- X can be approximated on [0, 00) by rational functions of
degree ~n with an error ~ exn (0 < ex < I). An extension of these results
will be found in [lOb].

Because of the above investigations, it is natural to ask, how close can
i x I e- ixi be approximated by reciprocals of polynomials on (--00,00).
Newman and Reddy [17g] have proved: There is a real polynomial P*(x)
of degree n for which

while for every such polynomial P(x),

cn(log 11)
n
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There is a rational function r*(x) of degree n for which

( )1/'III x I e- ixi - r*(x)lk,,(-oo,oo) ~ e-Cll n ,

while for every such rational function rex),

III X I e-ixi -- r(x)11 '> e-c•o(n)I/.
1Loo(-oo ,00) ~ •
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It is interesting to note that from (14) and (15) one can derive easily that

D. J. Newman has proved that limn~oo{'\o.n(l + x)-n}l/n = 4/27, a conjecture
of A. R. Reddy (see also [lOh]).

Now we consider approximations by rational functions having zeros and
poles only on the negative real axis.

Let s be a set of real numbers and denote by R s the set of all rational
functions having all zeros and poles in s. Also let C[a, b) denote the space of
real continuous functions on [a, b) equipped with the sup-norm on [a, b).
Newman [17f] has proved that if s is dense in [a, b] and, for some € > 0,
S - [a - €, b + E] is infinite, then R s is dense in C[a, b].

The follwoing result is due to Newman and Reddy [17i): There is a real
polynomial P(x) of degree at most n having zeros only on the negative real
axis for which, for all n ~ 2,

IIe-x
--

1
II" P(x) Loo[O,oo)

while for every real polynomial P(x) of degree n ~ 2,

In [17i] it has been shown further that there is a rational function r*(x) of
degree n having zeros and poles only on the negative real axis for which,
for all large n,

On the other hand, for every rational function rex) of degree n having zeros
and poles only on the negative real axis,
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In [21] Safl' ef al. have obtained the following: There is a rational function
rex) of degree at most II having all its poles on the negative real axis such that

The following results are also from Newman and Reddy [17i]. (i) There is a
real polynomial P(x) of degree at most n ( 2) having zeros only in the left­
half plane for which,

I IIe- J - ~- - -_... !
P(x) liL"Jo,a)

(It is easy to replace n 2 by 4w l by using I -+- x + (x 2j2!) -+- (x3 /3!) (x l ;4!)
instead of I + x·· (x2/2!) in the proof [17i, Theorem 3].) (ii) For every
rational function rex) of degree at most n ;:;: 2, having zeros and poles only
in the left-half plane,

The following results are from Erdos el al. [lOa]: (i) Let p(x) be a real
polynomial of degree at most n ;:;: 2 having only real negative zeros. Then

I 'I
e'-- --11

p(x) 11 411e5 '
x == 0,1.2,....

(ii) Let f(::) = I::~o ak;:!·' ao 0, ak;' ° (k;:;: I), be an entire
function. Then there is a real polynomial p(x) of degree at most n' 2,
for which

Ii I
II~· .­
11.1(X)

2
fen) , 0. 1,2.....

(iii) Let ° ao < al < a2 be given. Let f(x) be a continuous, non­
vanishing and monotonic increasing function on [0, (0). Then there exists a
sequence {P2n(X)}~o for which

2
f(anf ' 11 =. O. 1,2,....

x = 0, 1,2,....

(iv) Let p(x) and q(x) be real polynomials of degrees at most n.

Ie-X
- ~~~~ I;~ (en0 ~n2~;;;;~:n,

The following are from Reddy ([I9i], Theorems 1, 2): (a) Let fez) =
I:;~o akzk, ao > 0, ak ;:;: °(k ;? I), be an entire function of order p = 2,
type T, and lower type w (1/25 .-(: W .-(: T < (0) or of order p (2 < p < (0),
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_. log Mq,(r)°<.. hm (I )2 = e < I.
,->co . og r

Then for every gnCx) = L:~~o b~1){ ~(k)Y, with all b~n) ?: 0, we have

type T, and lower type w (0 < w ~ T < co). Then it is not possible to find
for n = 0, 1,2,... exponential polynomials L~o blnlekx (b1nl ?c 0) for which

. . II 1 I IIPW
!ln

2

7) 1hm lllf -- -- ------ <. e-
n>'" I f(x) L~'~o b~"ekX Loc[O,oc) ~ •

(b) Let fez) = L:~o akZ!., ao?c 0, ak ?c ° (k ?c 1), be an entire
function of order p (1 ~ p < (0), type T, and lower type w (0 < w ~

T < 00). Let ~(z) be a transcendental entire function with nonnegative real
coefficients satisfying

. . II 1 I r'I,p/[nllOg n)(log log nl]
hm mf ---I

n~'" f(x) ",'0 blnl { -I.(X)U, [ )
L.,k~O k 'I-' I' L", 0,0:

3

Open Problems

Q.1. Do there exist rational functions rn(x) of degree at most n for
which

II r X
- rn(x)lk,,[o,oc) ~ 4-n ?

Q.2. Using polynomials Pn(x) of degree at most 11, having only non­
negative real coefficients, how small can one make

II e-
X

-- Pn~X) toc[O'OC) ?

Q.3. Do there exist rational functions of degree at most 11 having zeros
and poles only on the negative real axis and a positive constant c for which

[ I -x ( _)" <' _clnl
'
!2?Ie - r n XiL,JO.o:) ~ e .

QA. How close can r X
' be approximated uniformly on [0, 00) by

rational functions of degree 11 having zeros and poles only on the negative
real axis?

Q.5. How close can e-x2 be approximated by rational functions of
degree 11 on {O, 1, 2,...}?

1 Note added in proof. Recently I have extended several of the above results concerning
I x I and xn to the case of several real variables. For example I have shown that x;n, X

x;n• ... xZnk, where each XJ lies in [-h, -aj v [a, hj, can be approximated there by a
polynomial P(Xl, X2, .•• Xk) of total degree not exceeding 2 L~_l n, - 2 = N, with
maximal error equal to 2-N +2-k(h' - a2)IN+2I/2. Further, I have shown that the error
obtained by rational functions in several variables is less than the error obtained by the
corresponding polynomial.
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Q.6. Is it possible to approximate X 2nt1 on [-1, 1] by the ratio of two
monotonic polynomials of degree at most n with an error ~(2 --L E)-n for
an E :> O?

Q.7. Is it possible to approximate xn on [0, 1] by reciprocals of real
polynomials of degree at most n with an error ,,;A-n?

Q.8. Obtain error bounds for the approximation of x n on [-I, 1] by
rational functions of the form Pk/Qm , where 0 ~ k ~ n - 2, m ~ O.

Q.9. Obtain error bounds for the approximation of I x I on [-1, I]
by rational functions of the form Pk/Qm , k ~ m.

Q.IO. Do there exist rational functions rn(x) of degree n and a constant
c > 0 for which

x '
II J:- x 10g(1t- :~)- rn(x) t",[O'OJ)

__c_?
n log n .

Q.II. Do there exist real polynomials p(x) of degree at most n and a
constant c > 0, for which

Q.l2. Find error bounds for the approximation (I + I x I)/e!x! on
(- 00, (0) by reciprocals of real polynomials of degree ~n.

Q.13. Find error bounds for the approximation of (I + Xno-1)-1 on
[0, (0) by rational functions of degree n.

Q.14. Find error bounds for the approximation of e'''' on [-1,1] by
rational functions of degree n.

Q.15. How close can ex
!j2 be approximated on [0, 1] by rational

functions of degree n having zeros and poles only on the negative real
axis?

Q.I6. How close can ex
!/2 be approximated on [0, 1] by rational

functions of degree n having only real, nonnegative coefficients?

Q.17. How close can exl
/

2 be approximated on [0, I] by reciprocals
of monotonic polynomials of degree n?

Q.l8. Letf(z) = L:~o akzk, ak > 0 for all k ~ 0, be an entire function
of perfectly regular growth. Is it true that A~~~ -+ 0, 0 < 0 < 1?

Q.19. Let f(x) be a real continuous function on [0, (0), and suppose
there exists a sequence {Pn(x)}~~o for which

o < lim sup lil-fl _ ~ II /l/n < 1.
n~OCC L, Pn ILoo[O'x) l
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Is it true that for every sequence {r,,(x)} of rational functions of degree n
there is a positive constant for which

Q.20. How close can XJl~l be approximated on [0, 1] by rational
functions of degree n having zeros and poles only on the negative real axis?

Q.21. Is it possible to approximate ex1
/
2 on [0, I] by rational functions

of degree n having only nonnegative real coefficients with an error better
than 0(1 jn) ?

Q.22. Is it possible to approximate e-x2 on [0, I] by polynomials of
degree n having only real zeros better than O(ljn)?

Q.23. Let f(z) = L;=o akzk, ale > °(k ;?; 0), be an entire function of
perfectly regular growth. Is it always true that the best rational approximation
to f on [0, 1] is much better than the best approximation there by polynomials
of the same degree?

Q.24. How close can eX be approximated on [0, I] by monotonic
polynomials of degree ~n?

Concluding Remarks

I would like to explain here why I have stated such very special open
problems. It is well known that the methods developed to get error bounds
for the approximation of I x I on [-I, 1] by polynomials of degree n and by
rational functions of degree n have been exploited significantly to solve more
general problems. In the words of Bernstein [4b]: "As happens in all fields
of mathematics, general theorems and methods arise and are developed
always in an attempt to solve some specific problems." Thus, even though
the problems offered here are very special, the methods to be developed to
solve them may be applicable to more general problems. Even today we do
not know how close I + L;=l (xkjkk) can be approximated uniformly on
[-I, I] by rational functions of degree n. There are many problems like this
which are easy to explain, but seem very hard to solve: Their solution may
involve completely new methods, of great scope and power.
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