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INTRODUCTION

Chebyshev was the first mathematician to publish fundamental results in
rational approximation. Chebyshev’s results appeared much prior to the
publication of the Weierstrass approximation theorem. Even though rational
approximation is as old as polynomial approximation, not much is known
about it. Developing methods to obtain error estimates for approximation by
rational functions of a given degree is much more difficult than the corre-
sponding polynomial case. Very recently some new powerful methods have
been developed. For finite intervals, the credit should go to Gon&ar [13h, i]
and Newman [17a, d, e]. For infinite intervals, most of the credit should go
to Erdds and Newman. A forthcoming paper of Newman and Reddy [171]
will discuss these methods and their scope.

We divide this article into three sections. Section 1 deals mainly with finite
intervals. In this connection we also refer the interested reader to the excellent
article of Goncar [13j]. Section 2 is concerned with results on infinite intervals.
In Section 3 we propose a series of open problems. Some of these are very
difficult and present available methods are hopeless to attack them successfully.

DerIniTION.  Let f(x) be a real function, continuous on [0, ) and with
no zero there. Then set
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where w,, , denotes the class of all rational functions of the form r,, ,(x) -
P (x)/Q.x); P, and @, represent real polynomials of degrees at most m
and n, respectively. =, denotes the class of real polynomials of degree at
most n. 7, * denotes the class of all real polynomials of degree at most &
having only nonnegative coeflicients (1 < & < n).

Let r > 0, s > 1. Then &(r,s) denotes the unique open ellipse in the
complex plane with foci at x = 0 and x = r whose semimajor and semi-
minor axes a and b satisfy bja == (s — 1)/(s* + 1).

If F(z) is an entire function, we denote

Mi(r,s) = supl| F@): z€ €(n.9)l,  M(r) = max | F(z).
As usual, the order p of an entire function £(z) is

lim sup E)g—l—ﬁ)g—g]‘rl—(r) .

If 0 < p < oo, then the type r and the lower type w (0 < w < 7 < @) of
F(z) are given by

lim SUP log M(r) _ 7

rox inf re w

€15 Coy Cg yeney Crg 5---» Cog AT€ poOSsitive constants which may be different on
different occasions.

According to a well-known result of Bernstein [4a] there is a polynomial
P*(x) of degree at most »n such that

x ! — PHX) g0 < efn (2)
Further, he has established that for every polynomial P(x) of degree at most »,
flxd— P(X)HLOO[—LH = ¢o/n. (3)

In 1964, Newman [l17a] established the following remarkable result.
For every n > 4 there is a rational function r(x) of degree at most n for
which

Hlx ] — ’(x)f\'Lm[—l,ﬂ < 3e' 4

On the other hand, he has shown that for every rational function r(x) of
degree at most n == 4,

L N YR,
fix ]l —rQl 111 = te onlE, (5)
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Soon after the publication of these results several Hungarian and Soviet
mathematicians published work extending and improving the latter. In these
investigations Newman’s method played a very significant role.

Gondar [13h] has derived Newman’s result in a much sharper form from
an earlier result of Zolotarev. It is interesting to note that Zolotarev’s result
was published in 1877, 8 years prior to the publication of the Weierstrass
approximation theorem. Goncar’s theorem reads as follows:

emmBrantt - R (I x|) < emtmm-ant iy > p(e), (6)

Later on, by a more refined technique, Bulanov [7a], working under the
supervision of Dolzenko, established:

lim (Ry(| x " = e
More precisely, forn = 0, 1, 2, 3,... and any M > 0,

Rn(! X ‘) 2 e*n(n+1)1/2
and i

R(x) < e—n(n)llz(l—d(n))’

where A(n) = O(n—M/4M+D),
Recently Vjadeslavov [28] sharpened (7) as follows:

R(| x|) < Anenm'”, ®

where A is an absolute constant.

In [17d] it has been shown that x'/? can be approximated on [0, 1] by
rational functions of degree » having real nonnegative coefficients with an
error <3e~2"”, Now it is natural to ask how close can (1 — x)!/2 be
approximated on [0, 1] by rational functions of degree » having real non-
negative coefficients. In this connectoin Reddy [17r] proved the following:
Foralln = 2,

o= (3 G

Let p(x) and g(x) be polynomials of degrees at most # having only real,
nonnegative coefficients; then

| <4 (_1_9&)1/2'

l =
Lyl0,1] h

T T .

It is interesting to know how close | x | can be approximated on [—1I, 1]
by reciprocals of polynomials of degree <(n. In this connection Lungu [15]
has obtained the following:
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For every polynomial P(x) of degree at most n,

I
= c.nl
2

FIE—— ,
P(x) HL\,E['—I.]]

Newman and Reddy [17h] have proved that there is a polynomial P*(x)
of degree at most »n for which

i

N 1
A LI, S
ST PR (FAREPY

72
- 5;1‘ .

It will be of interest to obtain similar results on approximatoin to | x |
on [—1, 1] by rational functions of the form P,,/Q,, . It is also worth investi-
gating whether one can deduce the theorems of Bernstein, Newman, Lungu,
and Newman and Reddy from a single result. If this can be done, it will be
a spectacular achievement.

The following generalization of Newman’s result is due to Szusz and
Turan [26c]: If f is piecewise analytic on [a, b], then R, ,(f) < e=¢m'®,
¢ == ¢; > 0,n = 1. Goncar [13h] proved the following converse result: If f'is
piecewise infinitely differentiable (or, in particular, piecewise analytic) on 4
and if R, (f) < e~ for some sequence n =~ n; } oo as i} oo, where
A, — oo as n — o0, then f is infinitely differentiable (or analytic) on 4.

The following results are also due to Szusz and Turan [26a,b]:

(i) For any function which is convex and belongs to Lip 1 on [—1, 1],
and for n = 1, 2,..., one can find a suitable rational function of the form
P,/Q, for which

i ; 4
= P o qlogtn

i ) 2
0 T l=1,1] n

where A4 is a positive constant.

(i) If f(¢r) is a k-times differentiable function for which f¥)(¢)
(—1 <t < 1) is convex and satisfies a Lipschitz condition, then there
exists a rational function r(¢) of degree <»n for which on (—1, I)

@) — H0)] < eani2(log nye,

Freud [12a]c,d] has improved some of the above results.

The following result is due to Bulanov [7b].

The smallest deviation Ry(f) of a continuous convex function f(x)
(xe[a, b], —0 << a < b << ) from rational functions of degree at most ¥
satisfies the inequality

Ry(f) << CMN-Ylog N)2, N -:2,3,4,.,
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where C is an absolute constant and M is the maximum modulus of f(x) on
[a, b].

Recently Abdugapparov [1b] has established the following:

If f*(x) (p = 1) is continuous and convex on [0, 1], then we have there

R.(f) < C,M n72logdn, n=2734,..,

where C, depends only on p and M, = Max,c,<; | fP(X)].

A similar result was obtained earlier by Freud [12a], under an additional
condition concerning the modulus of continuity of f?)(x).

Freud and Szabados have obtained several interesting results. We mention
here one of them from [12g].

Let f(x) be a real continuous function on [0, 1] and let

[fRIl<M O<x<1.
Further, let

0 — (0) < 5(1) . < g;l(n)) =1, 8n — (g(k) f(k_l))

1<k<s(n)

(n=24,6,.).
If there are polynomials p{¥)(x) of degree <n for which

fn =

) _

Cmax, L max 10— PRI £ 0 (1 =2,4,6.)
tends to 0 as n —> oo, then for all N > some N, there exists a rational
function Ry(x) of degree <{N for which

max | f(x) — Rv(x)| < 7€,

0<x<1

where n is the greatest even number satisfying the inequality

2,2
s(m(3n +m — 1) <N, with m = [log2 _——.57A84: s(m) ] L.

The following result is due to Popov [18a]. Let £ be a real function whose
rth derivative is of bounded variation in [0, 1]. Then for every positive
integer k,

ktimes

P, N
1 (r)
R/, [0, 1]) < Chr Vol(f) log log -+ log n

nrtl >

where C;, is a constant depending only on & and r, and V }( f) denotes the
total variation of f™ on [0, 1]. This result improves an earlier one by
Freud [12a]. Quite recently, Popov has succeeded in replacing (log
log --- log n) by a constant,

640/22/1-5
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The following result is due to Freud [12a]. If fe Lip « for some « > 0 and
fis of bounded variation, then R,(f) = O(n~! log? n).

It is interesting to know how the rate of decrease of the error R,(f) is
related to the structural properties of the function f. In this connection
Goncar has obtained several interesting results.

The following are from Gon¢ar [13a]:

@ If
R,(f, [a, b)) < cn71-9, § >0,

then fis differentiable almost everywhere on [a, b].
Giy If
R(f, la, b)) < en™*=%, 8 >0, )

where k >> 0 is an integer, then f possesses an asymptotic kth derivative
almost everywhere on [a, b].

In [9b] DolZenko observed that (9) guarantees the existence, almost
everywhere on [a, b], of not only an asymptotic kth derivative, but also a
kth derivative in the sense of Peano (local differential of the kth order)
of the function f.

The following interesting result is also due to Dolzenko [9a]:

@ If
S R/, [a, b)) < oo,

n=1

then f'is absolutely continuous on the interval [a, b].

(ii) For any sequence of constants a, > 0 with Y a, == oo, there
exists a real function f with R,(f, [a, b]) <C a,, which is absolutely continuous
on [a, b] but does not possess almost everywhere there an asymptotic
derivative.

It is obvious that R, (f, [a, b]) << E.(, [a, b]). It is also known that there
exist functions f for which R,(f, [a, b]) decreases to zero very fast while

E.(f, [a, b]) tends to zero much slower. One obvious example is f(x) = | x |,
a = —1, b = 1. Now it is natural to ask whether there exist functions f for
which

R/, [a, b)) = EW(/, [a, b)).

In this connection DolZenko [9f] has established the following: There exists
a function f such that

R (/. [a, b)) = En(/, la, b])

for an infinite number of indices n,, .
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Finally, we mention one of the significant results of Goncar [13i]. Let f
be continuous on [0, 1] and let w(8) be the modulus of continuity of f there.
Let us assume that in the circle D = {x: | x — 1| < 1} there exists a bounded
analytic function which coincides with fon [0, 1). Then

R(£10.1]) = Opy).  pn = _inf [tem"/ + w(e )]

1<t<ou

By using (4) and (5), Freud [I12b] has shown that for each n > 4 there is a
rational function r*(x) of degree at most » for which

L) e (10

VL (-, 00)

while for every rational function r(x) of degree at most n,

Y

> eme ', 11
[ 1 + xl ILm(—m,oc) = ( )

Quite recently Erdos and Reddy [I0c] have shown that every positive
continuous function f on [0, o), with lim,_,, f(x) = 0, can be approximated
uniformly by reciprocals of Miintz polynomials on [0, o). Hence, it is natural
to ask how close | x|/(1 4+ x* can be approximated on (— oo, o0) by
reciprocals of polynomials. In this connection Newman and Reddy [17h]
have proved the following: There is a polynomial P*(x) of degree at most n
for which

[EE2E—— Gy
J1+x2 PH(x) J%M,@ S (12

and for every polynomial P(x) of degree at most n — 2;

x| > G
H 1+ x2 P(x) U1 (o) Z i (13)

By comparing (10) and (13) one sees that rational functions of degree n
give much less error than the reciprocals of polynomials of degree <» in
approximating | x |/(1 + x?) on (— oo, o0). We will see shortly that this is
not the case in general.

Chebyshev showed in 1858 that x"t! can be uniformly approximated on
[—1, 1] by polynomials of degree at most n» with an error of exactly 2-%. In
fact Chebyshev polynomials originated with this beautiful result. Later on
Chebyshev’s student Zolotarev [16a, p. 41] extended the above result of
Chebyshev as follows. The best uniform approximation of x"t! — gx®
0 < o< (n-+1)tan?[n/(2n 4 2)]) on [—1, 1] by polynomials of degree
at most (r — 1) gives an error of 2-*(1 - (ao/(n -+ 1)))**L. For ¢ = 0 we get
above result of Chebyshev. Erdds and Szegé [10k, p. 467] proved Zolotarev’s
result by a different method.

Recently we have shown [17m] that x*+! can be approximated on [0, 1]
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by reciprocals of polynomials of degree n with an error (3)" but not better
than (12)—™.

Recently I have conjectured that x” ! can be approximated by rational
functions of degree at most # with an error <4, Newman [17¢] has proved
by a very simple and ingenious method the following. Let S and » be positive
integers. Then: (i) There is a real polynomial P(x) of degree -=# and a real
polynomial, ¢(x), of degree 2§ such that, throughout [—1, 1],

Px)1 S —n 247!
g s )

(i) If P(x)is a real polynomial of degree <Cn and g(x) a real polynomial
of degree <28, then somewhere in {—1, 1],

P(x)
g(x)

By adopting a different approach the above estimates (14) and (15) of
Newman have been strengthened by Reddy.

Recently I have noted that the above results of Newman have been
obtained for certain special cases by Achieser [2, p. 279]. In fact, by adopting
a technique of Chebyshev, Achieser proved the following:

Leta, + 0, a,, a,..., a, be given real numbers. Then for every N > n,

’ RCAR 2= ( (14)

. i v —1
S 2) . (15)

S

l xntl

Speey

N-1 N-n
i 41X a,x
min max | gxN + ——— - - 4
P —1<<x=<l 0 + 2 on
—1 SN2 L |
4 xR A e | A
poxn __:_ ese +p" 2Nﬁ1 )

where A is a zero of minimal absolute value of the polynomial

cn — A Cny S & T )
Coci  Cpg— A = ¢ O
Cns : : 0
Cl CO A ”‘A 0
Co 0 e 0 —A
. 2
with ¢,, = t’:é ) g oV =0, 1,2, 0.

Reddy [19j] has extended the above results of Chebyshev, Zolotarev,
and Newman as follows:

Let o be a real number, | o | ¢ 1. Then for every real polynomials P(x)
and Q(x) of degrees at most (n — 1) and 2m, respectively, we have

— o] 11—l
Q(x) Lel-1.1] = m + 2) edmint2

CIEP

Ol to1 = @m + 2)2eypminir ”

” x™l — gx?

|

xn+1 + x'n _—
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Given a real constant o and positive integers m, s, there exist real
polynomials P(x) of degree <{n and Q(x) of degree 2m such that

|

Let 0 << a < b, n > 1. Then x** can be approximated uniformly in the
intervals [—b, —al, [a, b] by polynomials of degree at most 2n — 2 with an
error 2-@n-1(p2 — g%)". Also, for every polynomail P,,(x) we have for these
intervals

Px) |
0(x)

c(d+ja2-n
!L[ll] (m—}—n—?.)'

m

xn+2 o O'.X"'H

| X2 — Py ()] = a(b? — a?)r 272,

Similarly there is a polynomial P*(x) of degree at most 2n for which, on
these intervals,
H x2n+1 _ P*(X)H < b(b2 — a2)’n 2~2n+1_

Further, there is a rational function of the form Py, _,(x)/Q,{(x) for which,
on the intervals, (s =1, n = 4)

e Lot oot i, b, — ) 0+ 2

where

fla, b, m) = (2n + DE* + a2 — (B* — @) — 8(* +aW* -+ —l?:z)

While for every rational function of that form, we have there

‘ o p2n_2(x) R (b2 _ a2)n 272n+1 2S —IR 2’1 — ] -1 b_Z + a2 —1
| 0. H Z T @t ) (* 5 )| o az)]
Let p,,_o(x) and g¢,,_.(x) = Zi"og b.x*, b, 2> 0 (k > 0), be any even
polynomials of degrees at most 2n — 2. Then, on [—1, 1],
i 2n
x —— =
“ Fon— 2(\)

Remark. According to Chebyshev’s result x2* can be approximated
uniformly by polynomials of degree 2n — 2 on [—1, 1] with an error 2-27+1,
Hence the best approximating rational function of the form P,,_o(x)/Q,,_+(x)
with Q(x) having only nonnegative coefficients is identical to the best
approximating polynomial of degree 2n — 2.

Let p(x) and g(x) be real polynomials of degrees at most m > 1. Then if
m < 2n, we have on [—1, 1],

on  P(X) \
|« 900 |

= 2-1. e-Zn(:Zmn)‘/".
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It will be interesting to know how close x"'! can be approximated by
polynomials of degree » having only nonnegative real coefficients. In this
connection Newman and Reddy {17k] have proved the following:

If Pi(x) == dx*, 1 < k < n,d > 0, and satisfies the assumption

11— d) = (n — Kk m)ios g oo,

then P,(x) is the best uniformly approximating polynomial ot degree & to x"
on {0, 1]. In fact we have

new = (11— K)KIMFOI(L — e e =8, =1 —d,

Reddy has shown for 0 <ix «i1, 0 <l x"(Tpo(l — x))? — xnt!l <2
3imm(m - n)y " (m 2= 2).

We consider now the approximation of e*. It is well known that from the
results of Bernstein we get the following:

There is a polynomial P*(x) of degree at most »# for which, on [—1, 1],

| p#t * € -
et = Pl < s

But for every polynomial P(x) of degree =:In we have, somewhere in [—1. 1],

, 1
et = POl = e2*(n +- 1)1°

Recently Newman [17¢] proved the following:

There is a rational function of the form P,,(x)/Q.(x) for which

’ o — P, (x) H ‘ 627"l nl
0n() lpytam — (m = mt(m +n -+ DU

Newman and Reddy [17]] have obtained:
Let P(x) and Q(x) be real polynomials of degrees at most m and n,
respectively. Then

P'I)l('\‘)
0.(x)

Now we mention an interesting result of Somorjai [24]: Let f(x) be a real
continuous function defined on [0,1]). Let A, A,, A;,..., be an infinite
sequence of real numbers with A, — oo. Then for n = 1, 2,..., there are real
sequences {a”};_; and {p{};_, for which

n
2L alM
Zn b‘,fﬂ)x’\k
1 e

2—271—21:1—43-—()1—4 1i20mini2)

rtan G F 2 0 2y

e —
il

— 0.

iLf0,1]

i 100

Recently Bak [3a], and Bak and Newman [3a’] have improved the last
result significantly.
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Now we consider approximation on the positive real axis. The following
result is due to Meinardus et al. [16b]:

Let f(x) be a positive continuous function on [0, + ), and assume that
there exists a sequence of polynomials {P,(x)};_, and a number g > 1
such that

1/n 1

<~ 1

lim sup Lo )g g

1 1
1390 | 76~ B

Then there exists an entire function F(z) of finite order with F(x) = f(x)
for all x > 0. In addition, for every s > 1, there exist constants K =
K(s,q) > 0,8 = 0(s, q) > 1, and ry = ry(s, ¢) > 0 such that

MAr, s) < (Kl fll o)  forall r=r,.

If, foreach s > 1,

o log M(r,s)
0(s) = hn,lgouP % logll fllz ro.n Y

when £ is unbounded and 8(s) == 1 otherwise, then the order of F is

log 0(s) )

log[} + (s + /)] ¥’

< inf
s>1

and this upper bound is in general best possible.
The following result is due to Reddy and Shisha [19t].
Let f(x) be a positive continuous function defined on [0, + co). If there

exists a sequence of polynomials {g,(x)}n., whose coefficients are >0,
with all ¢,(0) > 0 such that

) qaX) iz .0 ’
then f(x) is the restriction to [0, co) of an entire function ¥y _, a;z* with all
as > 0.
Let f(x) be any nonvanishing real continuous function defined on [0, ).
If there exists a sequence of real polynomials g,(x) of the form ¥,_, a{x",
where 0 = py < p; < py < -+, and Sy e < o, with

B S
7O T o

then f(x) is the restriction to [0, o) of an entire function. This result is due
to Erdds and Reddy [101].

-,
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Schénhage [22] has shown that e=® can be approximated on [0, w) by
reciprocals of polynomials of degree # roughly like 3—"; this improves an
earlier result of Cody et al. [8]. Newman and Reddy have shown that these
polynomials must be zero free on [0, —en] for each e > 0 satisfying
(1 + 8(e)'/?) < log3. In [l6¢c] Meinardus and Varga have proved: Let
f@) = Sh arzt, a; = 0 (k = 1), a, > 0, be an entire function of order p
(0 << p << o) satisfying the further assumption that

0 << lirg log M(r)/r° << oo,

Then

1 . 1
”—‘_22‘”1/9) = llrgllﬂsnup (/\O,n)l/" < 317 - (16)

In [19b] Reddy has succeeded in replacing lim sup by lim inf in (16). The
following is due to Meinardas et a/. {16b]:

Let F(z) = Y o a,2F be an entire function with ¢, > 0 and a, > 0 for
allk > 1. If there exist 4 > 0,5 > 1, § > 0, and r, > 0 such that

M(r,s) < A( S o) forall r=ry, (*)

then there exist a sequence {P,(x)}n ¢ = s/1*+® = 1 such that

lim su

|1 1 _
nox P gtl }(_(;j N P (x) ”Lwlo,w) =< {an

21/% 1
q

Remark. If f(z) = Spomz*, ay >0, a, >0 (k= 1), is an entire
function of finite positive-order, type and lower type, then obviously (*) is
valid; hence (17) holds.

By adopting a very simple approach Reddy [19g] has proved the following:
Let f(z) = Yrooarz®, ay > 0, @, > 0 (k > 1), be an entire function of order
p (0 < p < ), type v and lower type w (0 < w < 7 < ). Then for all
large n

Bl —wh
} f(x) ;j_ a,x* ML [o.%) ( ept + pw )

On the other hand Reddy [19d]} has proved that under the same conditions,
for every polynomial P(x) of degree at most n (sufficiently large),

o 2 HERT]

Newman [17b] considered the approximation of == on [0, o) by general
rational functions and proved the following:

(LS
Hf(x) P
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Let P(x) and Q(x) be real polynomials of degree at most (# — 1). Then
there is a point x in [0, c0) for which

—__ P o
‘e o | = 0280

If we restrict P(x) and Q(x) to have only nonnegative coefficients, then we
have (cf. [10a])

Gl >

The following results are due to Reddy [19k].

Let f(z) = Yroo axz*, a, > 0, a, = 0 (k > 1), be an entire function of
order p (1 <X p << ), type 7 and lower type w (0 < w < 7 < o). Then
there is a positive constant ¢ such that for every real polynomials P(x), Q(x)
whose respective degrees m, n are sufficiently large,

l 1 P(x) ce1(0:-3Vm+(0.Tyn] 71
'f(X) o(x) “Lw[o,w) = g (T e

Also there is ¢, > 0 such that, for every € > 0, p(0 < p << 1) we have for
every P(x), Q(x) as above,

i J_ N @i Ce—A078—n6—m
“ f&x) 0 it ~ ((T1/wp®) + (rjw)rie

where A° = [0.3m + 0.7n][w[]l <+ )]

The following result is due to Erdds and Reddy [10j].

Let f(2) = Yroaiz*, a, >0, a, >0 (k = 1), be an entire function,
satisfying

log log M(r)

loglogr =A+l <o

1 < lim sup

and

sup log M(r) _ 7,
oo inf (log r)4 o,

O < w, <7 < ).

Then for every rational function of the form P,(x)/Q,(x), we have

g!i 1 Px)
7™ 0.0

-1
p—1-A4

>Ga

lim inf

Y aeded]

Lw[o.co)}

where

6 — exp g~—(w£l)lm['r; 1 ( 27, )1/(A+1)] .

wy
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By using a lemma of Gonfar—Newman-Zolotarev [13j, p. 450-451],
Reddy [19h] proved the following:

Let f(z) = Y5, @z", =0, a, 7= 0(k 2= 1), be an entire function. Let
constants k (0 < k& < I), ¢ (‘;»l), and e (*>0) be such that, with § == 1 =~ ¢ -
7(log ¢)~/(log k1), we have

M((L - K)r) = {M((1 — K)r))?, "

for all large r. Then, for all large #, if P(x) and Q(x) are real polynomials
of degree at most n,

I ‘L - ﬂ(_‘() = -3
7@ 00 ooy ~ o

Remark. If f(z) is of finite, positive order, type and lower type, then
clearly (**) holds.

Given an arbitrary entire function f(z) == Y., azz*, with a, > 0 and
a, > 0 (k = 1), how close can 1/f(x) be approximated by reciprocals of
polynomials of degree <{n on [0, c0)? Erd6s and Reddy [10d,f] have answered
this as follows: For each € > 0 there exist infinitely many # such that for a
proper P, ,

_l—_ _ _IM_ 1| e exp (__‘-jii)
T P o P )

The following result is also due to Erdos and Reddy [10e]. Let f(z) = | +
o zédidy, o dy, diyy > d >0, k = 1,2,3,..., be an entire function of
order p << 1 and regular growth. Then for any e > 0, we have for all large n,

dydydy - d,  ddy - d

-

. d2 nitl

24nd2(o*e)d d _d T Agang = Ayl - dan (Adznu ~d,, )

n4 1" 02 2n 2

The following result is due to Meinardus ez al. [16b]: Let f(2) = ¥, «;2%,
a, > 0,a, = 0 (k > 1), be an entire function satisfying

log log M(r)

< lim su = A= 1 <« oo,
[ log log r
and
0 < w; = liminf - log M(r) < lim msup 7—=—0 log M(r) = 7, < 0.
Joayes (l | (] Pyt
Then

lim (g, " = 0,
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Further, (Reddy {19a,e]):

"y
exp ( @A+ DA+ D774

) < tim sup Qo 7 < 1.

The following result is due to Reddy [19f]. Let f(z) = Yr_o ar2%, a, > 0,
a, = 0 (k == 1), be an entire function of zero order satisfying

0 < A < lim inf 108108 M)
nwo loglogr

Then there exists a sequence {P,(x)};.., for which

gLy ¢
7 7w et

Erdés and Reddy [10e] have established the following: Let f(z) =
Se o2, a, >0, a, >0 (k>1), be an entire function for which
0 < A < oo. Then for each € > 0,

lim inf (A ) 9™
"o

Turning to the particular case f(x) = ¢%, Freud et al. [12e] have obtained:
For every real polynomial P(x) of degree n,

> o (18)

H e — %N%(fn.n) “on

and there is a polynomial P*(x) of degree n for which

ix I _ ey logn
e = i, < (19)

They have shown that there is a rational function r*(x) of degree » for which
lemtel — Py < €=, (20)
and for every rational function #(x) of degree n,
e — (W o = €0 1)

In [190] Reddy has established: Let 0 << oy << ap << oy << *** < «a,, be even
integers, satisfying o, — o, => k. Then for all n > 2,

n
z]':l a]'xai

_20logn
Zv_t ] elilog ‘n)/naixai =T T
)=

” e~ 1zl —

Lm(gn,'r.) N H
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where

xg—ay

a1 = (log n )“1( 2 logn)

k n n

(_/i_log_n)“rak‘l‘

2]

In {12e] one can find extensions of (18)—(21) to a whole class of entire
functions. Erdés er al. [10b] by developing some new techniques have
established: There is a real polynomial P*(x) of degree n for which

1

[ ~ cullogm
I

<L 5
Lw[O.x) n

s

while for every real polynomial P(x) of degree n,

i 1
[‘ xe 't — ——
H

P(x)

ity

(log n)

n?

-
= C15

On the other hand, it is easy to see that xe~¥ can be approximated on [0, o)
by rational functions r(x) of degree at most »n with an error <{8" (0 < 8 < 1).
In the same paper Erdés et al. have obtained: There is a real polynomial P*(x)
of degree at most » which,

by
P*(X) ”Lw[o,oo)

—(211)2/3
b

G xer-

= e

while for every € > 0, every P,(x) with » sufficiently large satisfies

! 1 N 2/3
| (1 _v_ x) e — “ = e—(2n) (1+e)
| P() I o) ~

Again, (1 + x) e can be approximated on [0, co) by rational functions of
degree <{n with an error <{a” (0 << a << 1). An extension of these results
will be found in {10b].

Because of the above investigations, it is natural to ask, how close can
i x| e 12l be approximated by reciprocals of polynomials on (-— oo, o).
Newman and Reddy [17g] have proved: There is a real polynomial P*(x)
of degree »n for which

1
P*(x)

H I x| el — ’ < Cullog )

= s
vLm(—rm,:n) n

while for every such polynomial P(x),

- cnllog n)

xpem— ]
P(X) Mg(eo,m) n
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There is a rational function r*(x) of degree n for which

—cyy ()12
b

I x]e™ ™ — r*(X)llr (cw < e

while for every such rational function r(x),

o 1/2
x| et — P01 (o) = €70

1t is interesting to note that from (14) and (15) one can derive easily that
m {A, ,[(1 + X))~/ = @7~

D.J. Newman has proved that lim,_.{A; (1 - x)~"}1/» = 4/27, a conjecture
of A. R. Reddy (see also [10h]).

Now we consider approximations by rational functions having zeros and
poles only on the negative real axis.

Let s be a set of real numbers and denote by R, the set of all rational
functions having all zeros and poles in s. Also let C[a, b] denote the space of
real continuous functions on [a, b] equipped with the sup-norm on [a, b].
Newman [17f] has proved that if s is dense in [a, b] and, for some ¢ > 0,
s — [a — €, b + €] is infinite, then R, is dense in CJa, b].

The follwoing result is due to Newman and Reddy [17i]: There is a real
polynomial P(x) of degree at most » having zeros only on the negative real
axis for which, for all n > 2,

1 1
e - ﬁﬁ“w.m, ne’

/N

while for every real polynomial P(x) of degree n > 2,

_z 1 1
H e _}-’()—(_)HLDD[OM) > 17e*n *

In [17i] it has been shown further that there is a rational function r*(x) of
degree n having zeros and poles only on the negative real axis for which,
for ali large n,

le=® — () 0. < 018",

On the other hand, for every rational function r(x) of degree » having zeros
and poles only on the negative real axis,

e — r(lgto,m > €0,
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In [21] Saff er a/. have obtained the following: There 1s a rational function
r(x) of degree at most » having all its poles on the negative real axis such that

1

H [ > of Y ! Yoo
e R A CY VTRt

The following results are also from Newman and Reddy [171]. (i) There is a
real polynomial P(x) of degree at most » (>:2) having zeros only in the left-
half plane for which,
1 ‘\ .

R | v dn

i PO litgloe)
(It is easy to replace n°2 by 4n~* by using 1 - x + (x¥21) ++ (x3/31) - (x4
instead of 1 + x — (x%/2!) in the proof [17i, Theorem 3].) (ii) For every
rational function r(x) of degree at most n = 2, having zeros and poles only
in the left-half plane,

O PR

The following results are from Erdos er al. [10a): (i) Let p(x) be a real
polynomial of degree at most # == 2 having only real negative zeros. Then

lii I

H e " — F(;“) ]‘ o Z;?; N X == 0, ]. 2, .

(i) Let f(z) = Spoat. ay =0, a, >0 (k = 1), be an entire
function. Then there is a real polynomial p(x) of degree at most n = 2,
for which

L. 2 0,1,2
e e S e v = 001,200
fex)y px)y o fn)

(iii) Let 0 = a4, < ¢y <_ a, be given. Let f(x) be a continuous, non-
vanishing and monotonic increasing function on [0, o). Then there exists a
sequence {P,, ()}, o for which

2

1 1 4, B
"f’(“\‘; _ﬁznT(S ‘ T 7-(;")‘ 5 n = 0, ], 2,... -

(iv) Let p(x) and g(x) be real polynomials of degrees at most n.

' e — P | (e = Dretn2-m

| T om0 2

The following are from Reddy ([19i], Theorems 1, 2): (a) Let f(z) =
S @izt ag >0, a;, =0 (k = 1), be an entire function of order p = 2,
type 7, and lower type w (1/25 <X w << 7 << ) or of order p (2 << p << ),
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type 7, and lower type w (0 << w < 7 << o). Then it is not possible to find

for n = 0, 1, 2,... exponential polynomials 3., b™e** (b > 0) for ‘which
o 1 1

lim inf } — -

oo I f(x) Z;::(] b(kn)ek

(b) Let f(z) = Tpo@z’, ay =0, a. =0 (k = 1), be an entire

function of order p (1 < p < ), type 7, and lower type w (0 < w <

7 << ). Let ¢(z) be a transcendental entire function with nonnegative real
coefficients satisfying

o /(n27)

e,

A

L, [o,o)

Then for every ga(x) = Yr_o 8% {$(k)}*, with all b = 0, we have
. X 1 1o/[n(log n)(log log n)]
lim inf >

1
minf| 7 - SRGRL I

- e—‘r/w 1

Open Problems

Q.1. Do there exist rational functions r,(x) of degree at most n for
which ‘ ‘
e ® — ra(lr fo.e) <472

Q.2. Using polynomials p,(x) of degree at most », having only non-
negative real coefficients, how small can one make

2

o bl
Lelo,o)

Palx)

Q.3. Do there exist rational functions of degree at most # having zeros
and poles only on the negative real axis and a positive constant ¢ for which

e — ra¥) i < e

Q.4. How close can e be approximated uniformly on [0, o) by
rational functions of degree n having zeros and poles only on the negative
real axis?

Q.5. How close can e~ be approximated by rational functions of
degree non {0, 1, 2,...}?

1 Note added in proof. Recently I have extended several of the above results concerning
| x| and x™ to the case of several real variables. For example I have shown that x2™ X
x3" «-- x2™, where each x, lies in [—b, —a] U [a, b], can be approximated there by a
polynomial P(x;, x,, -+ x;) of total degree not exceeding 2 Z’;l n, — 2 = N, with
maximal error equal to 2-N+27%(h? — g?)(N+2)/2 Fyrther, 1 have shown that the error
obtained by rational functions in several variables is less than the error obtained by the
corresponding polynomial.
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Q.6. Is it possible to approximate x*>**! on [—1, 1] by the ratio of two
monotonic polynomials of degree at most # with an error <{(2 + )" for
ane > 0?

Q.7. s it possible to approximate x® on [0, i] by reciprocals of real
polynomials of degree at most n with an error <4-"?

Q.8. Obtain error bounds for the approximation of x* on [—1, 1] by
rational functions of the form P,/Q,, , where 0 < k <n—2,m > 0.

Q.9. Obtain error bounds for the approximation of | x| on [—1, 1]
by rational functions of the form P,/Q,, , k = m.

Q.10. Do there exist rational functions r,(x) of degree n and a constant
¢ > 0 for which

Fu9) | e

HLOOIO « nlogn

, x
i‘l‘ xlog(l - x)

Q.11. Do there exist real polynomials p(x) of degree at most n and a
constant ¢ > 0, for which

clogn

Lo [o.cn) n*

e pux)

e* — 1 I
| |

Q.12. Find error bounds for the approximation (I 4 | x [)/e'*! on
(— 0, o) by reciprocals of real polynomials of degree <(n.

Q.13. Find error bounds for the approximation of (1 -+ x*+1)-1 on
[0, o) by rational functions of degree n.

Q.14. Find error bounds for the approximation of e* on [—1, 1] by
rational functions of degree n.

Q.15. How close can ¢*"” be approximated on [0, 1] by rational
functions of degree »n having zeros and poles only on the negative real
axis?

Q.16. How close can e*"” be approximated on [0, 1] by rational
functions of degree n having only real, nonnegative coefficients?

Q.17. How close can e®’* be approximated on [0, 1] by reciprocals
of monotonic polynomials of degree n?

Q.18. Letf(z) = Ypoo axzt, a; > 0 for allk > 0, be an entire function
of perfectly regular growth. Is it true that Af/; — 8 0<d<1?

Q.19. Let f(x) be a real continuous function on [0, <), and suppose
there exists a sequence {P,(x)}n_, for which
1

0 <11msup g“——*—

1/n
P <1
DPn

Lel0,)
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Is it true that for every sequence {r,(x)} of rational functions of degree n
there is a positive constant for which

)]/n
< 17

|
f ral) anm.x)‘

0 < lim inf )‘I
Q.20. How close can x"*' be approximated on [0, 1] by rational
functions of degree » having zeros and poles only on the negative real axis?

Q.21. Is it possible to approximate ¢*'’* on [0, 1] by rational functions
of degree n having only nonnegative real coefficients with an error better
than O(1/nr)?

Q.22. Is it possible to approximate e on [0, 1] by polynomials of
degree n having only real zeros better than O(l/n)?

Q.23. Let f(2) = Yreo @z*, ax > 0 (k > 0), be an entire function of
perfectly regular growth. Is it always true that the best rational approximation
to fon [0, 1] is much better than the best approximation there by polynomials
of the same degree?

Q.24. How close can ¢* be approximated on [0, 1] by monotonic
polynomials of degree <n?

Concluding Remarks

I would like to explain here why I have stated such very special open
problems. It is well known that the methods developed to get error bounds
for the approximation of | x | on [—1, 1] by polynomials of degree n and by
rational functions of degree n have been exploited significantly to solve more
general problems. In the words of Bernstein [4b]: “As happens in all fields
of mathematics, general theorems and methods arise and are developed
always in an attempt to solve some specific problems.” Thus, even though
the problems offered here are very special, the methods to be developed to
solve them may be applicable to more general problems. Even today we do
not know how close 1 -+ Y, (x*/k*) can be approximated uniformly on
[—1, 1] by rational functions of degree #n. There are many problems like this
which are easy to explain, but seem very hard to solve: Their solution may
involve completely new methods, of great scope and power.
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